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Abstract— This paper presents an impulse-based model
for n-body collisions with or without friction. In the
frictionless case, impulses at all the contacts, initialized
via solution of a non-linear system, accumulate over
different phases (compression and restitution) tracked
through numerical integration. Experiment over Newton’s
cradle, using vision-based velocity estimation, achieves a
close agreement with simulation. The presence of friction
requires a contact mode analysis via solution of a linear system to check for contact mode consistencies with
Coulomb’s friction law. Simulation of nine-ball break shots,
drawing upon a recent trajectory study [6], yields realistic
scenarios. The modeling approach is part of our efforts
toward planning for robotic manipulation strategies using
impulsive forces.

I. I NTRODUCTION
Multi-body collision is a common phenomenon that
takes place when several objects collide together, as
observed in the games of marbles, billiards, and bowling. To make the robot purposefully take advantage of
impact to quickly carry out certain tasks, a general and
computationally efficient model is needed for predicting
the outcome of an n-body collision.
Impact occurs over a short period of time, generating a very large interaction force. Constraint-based
and penalty-based approaches cannot model the wave
effect of multi-body impact. Such effect is exhibited
in the velocity profile during the impact, and unless
well modeled, could lead to a poor match of simulation
results against what we actually observe. In the past,
little work has been done on impulsive manipulation.
Noticeable results include [4], [13], [3] and [14]. Recent
work by the third author [7] modeled contacts during a
multi-body collision as virtual springs, with a focus on
three-body impact, and described the entire process as
a diagram showing different periods that transition into
one and another. This model in theory can be extended
to predict the outcome of collision with any numbers
of bodies involved, when combined with his study [5]
of tangential impulse under compliance. However, a
general framework and related computational issues still
need to be worked out.
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In this paper, we will introduce an n-body impulsebased collision model that works with or without friction. The model can be used to determine the postcollision motions of any number of objects engaged in
the collision. Our focus will be on the case where the
centers of mass of the objects engaged in the collision
are coplanar. At the conclusion of the paper, we will
discuss how the model can be readily extended to a
general collision configuration.
Section II adopts the idea from [7] to set up a system
for frictionless collisions of n balls. Angular velocities
are not considered for the moment. During a collision
process, impulses and energies at various contacts are
tracked via numerical integration based on their differential relationships to the dominant impulse, which
switches from one contact to another. To initialize the
impulse derivatives, instead of using wave propagation
[8] and [9], we set up a system of equations and
solve it numerically using Newton’s method. This avoids
enumeration of all possible propagation scenarios during
the collision. An energetic coefficient of restitution [12]
is employed to track the energy loss. Our model is then
used to simulate Newton’s cradle, in which no rotation
is involved and friction between the balls is negligible.
The problem was studied earlier [2, 1] by considering
coupling effects via the use of an impulse correlation
ratio.
Section III considers friction and the angular velocities of n rigid objects with arbitrary shapes involved in
the collision. Tangential impulse, now existing at every
contact, has to be determined. This requires an analysis
of the sticking and sliding modes under Coulomb’s law
of friction. We are then able to set up the differential
relationship between the tangential and normal impulses
at every contact.
In Section IV, we first conduct simulation and experiment on Newton’s cradle to validate the model
for frictionless n-body collision. Next, we apply the
frictional collision model to simulate nine-ball break
shots. It is noteworthy that work [17, 16] has been
done on simulations and experimental validations on
dynamics of planar objects when Coulomb’s friction is

present, such as bouncing dimer or rocking blocks.
The final section offers a brief summary of the paper,
and outlines some future work to improve the efficiency
and further validate the model’s accuracy.
II. F RICTIONLESS C OLLISION OF T RANSLATING
BALLS
In this section, we investigate a frictionless collision
among n translating balls whose centers of mass are
coplanar. The difference between our model and [8] is
that they do not explicitly handle multiple objects using
a graph representation, and the initialization there is
based on propagation rather than solution of a system
of equations. The issues with [8] no longer exist in our
initialization scheme. This model is then applied to solve
Newton’s Cradle problem.
A. Impact dynamics and contact kinematics
Suppose that n rigid balls B1 , . . . , Bn are engaged
in a collision. Let v i be the velocity of Bi , I ij be the
impulse that Bi receives from Bj . By Newton’s third
law, I ij = −I ji . For 1 ≤ i ≤ n, denote Ci as the set
of subscripts of the objects that are in contact with Bi ,
(0)
which has initial velocity v i . Then the velocity of Bi
during the collision changes as follows:
1 X
(0)
vi = vi +
I ik , i = 1, 2, ..., n. (1)
mi
k∈Ci

For every two balls Bi and Bj in contact, we add
a virtual spring {i, j} at the contact point. Without
ambiguity, we will also refer to the contact by the
same notation {i, j}. This spring is along the contacting
normal which is perpendicular to their common tangent
plane. Fig. 1 shows the ball Bi with the contact set
Ci = {j1 , j2 , j3 }. Impulsive forces on the balls are much

Fig. 1: Contact modeling with virtual springs.

larger than the gravitational forces, which can be ignored
consequently. Reorient the system such that all the balls
lie on a horizontal plane. For the spring {i, j}, let θij
be the angle from the x-axis to the spring direction
vector, which points from Bj to Bi if j > i, and in
the opposite direction otherwise. Thus, the unit normal
vector n̂ij = (cos θij , sin θij ) always points from the
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ball with the bigger subscript to the ball with the smaller
one. We let Iij = σij kI ij k, where σij = 1 when i < j,
and −1 when i > j. The velocity components of ball
Bi during impact can then be written as:
!


 
(0)
1 X Iik cos θik
vix
vix
+
=
. (2)
(0)
viy
Iik sin θik
mi
viy
k∈C
i

Denote P as the set of contacts, and ṽij as Bi ’s
velocity component projected onto the direction of the
spring {i, j}. For every contact {i, j} ∈ P, we thus
have ṽij = v i · n̂ij . Let xij be the change in length
of the virtual spring {i, j}, and kij as its stiffness. The
derivative of energy with respect to its impulse follow
from ṽij and equation (1):


dEij
(0)
(0)
= −ẋij = ṽji −ṽij = v j −v i · n̂ij
dIij
1 X
1 X
+
Ijk (n̂jk · n̂ij )−
Iik (n̂ik · n̂ij ).(3)
mj
mi
k∈Cj

k∈Ci

The potential energy stored in the spring {i, j} is
Eij = 12 kij x2ij , and the formula for the contact force
by Hooke’s law is Fij = kij xij . Suppose the spring
{p, q} accumulates the primary impulse Ipq , which has
the largest growth during the period. The expression of
dEpq /dIpq is given by (3) after replacing i, j with p, q.
Then, the differential ratio between Iij and Ipq can be
derived as
s
dIij
kij Eij
Fij
ρij =
=
= σij σpq
.
(4)
dIpq
Fpq
kpq Epq
(0)

(0)

(0)

Integrate equation (3) from Iij = ρij Ipq to ρij (Ipq +
δ) gives the major part of the accumulated change of
energy ∆Eij , where δ is the increment of the primary
impulse Ipq . An extra term αij (e2ij − 1)Eijmax needs
to be added after the integration, where eij ∈ [0, 1] is
the coefficient of restitution determined by the material properties of the two impacting objects. After the
spring finishes compression, it starts to restitute, with
the stiffness kij adjusted to kij /e2ij to reflect material
hardening as explained in [7]. The value of αij is set
to be 0 during compression and 1 during restitution. At
the end of compression, the spring stores the maximum
energy Eijmax , and then immediately loses a portion of
1 − e2ij . We can work out the integrals below:
Z

(0)
ρij (Ipq
+δ)
(0)

∆Iik dIij = cρij ρik ,

(5)

∆Ijk dIij = cρij ρjk ,

(6)

ρij Ipq

Z

(0)
ρij (Ipq
+δ)
(0)

ρij Ipq

(0)

where c = (δ 2 + 2Ipq δ)/2. Substituting (5), (6) into
(0)
∆Eij , and adding initial energy Eij , we get


(0)

dEij
1
1
(0)
Eij = Eij + δ
+
ρij − c
ρ2ij
dIij
mj mi




+

X
 cρijX

cρij

ρjk (n̂jk·n̂ij)
ρik (n̂ik·n̂ij)
− 




mj
mi

k6=i
k∈Cj
+αij (e2ij − 1)Eijmax .

k6=j
k∈Ci

(7)

Squaring both sides of equation (4) and then plugging
in (7), we get a systems of equations:
kpq 2
ρ Epq = Eij ,
kij ij

{i, j} ∈ P.

(8)

In the above system, ρij , {i, j} ∈ P, are the variables.
The energy Eij is a polynomial of degree at most two,
while Epq has degree at most one. Thus, every equation
in (8) is at most a cubic polynomial. Newton’s method
can be applied to solve this non-linear system, with the
initial guesses of 1 for ρpq , where {p, q} is the contact
yielding the primary impulse, and of 0 for ρij , for any
{i, j} 6= {p, q}. In the first round of initialization, if
any ρij exceeds 1, set the primary contact {p, q} to
be such {i, j} that has the biggest ρij value. With the
updated primary impulse pair, the system should now
be solved again to finish the initialization. This process
ensures the biggest variable stay as the denominator in
the differential relationships, which improves numerical
stability.

Algorithm 1 Frictionless collision for n balls with
translation only
(0)

Input: Bi with velocities v i , 1 ≤ i ≤ n, and contact
set P
1: set the active contact set A = P
2: while A 6= ∅ do
3:
solve ρij from the system (8), update I ij , Eij
according to (10) and (11), also v i , 1 ≤ i ≤ n
according to (1)
4:
while A does not change do
5:
update ρij , I ij , Eij , for all {i, j} ∈ A and
v i , 1 ≤ i ≤ n according to (9)–(11), and (1)
6:
for every {i, j} ∈ A do
7:
if compression ends then
8:
add energy loss to Eij
9:
else if restitution ends then
10:
remove the contact {i, j} from A
11:
end if
12:
end for
13:
for every {i, j} ∈ P \ A that v i = v j do
14:
add the contact {i, j} to A
15:
end for
16:
end while
17: end while

B. Numerical integration
(0)

After initialization of ρij , numerical integration is
performed as follows. At the nth step, increment the
primary impulse Ipq by δ, and make the updates below:
v
u
(n−1)
u kij Eij
(n)
= σij σpq t
ρij
,
(9)
(n−1)
kpq Epq
(n)

Iij

(n)

Eij

=
=

(n−1)

Iij

(n−1)

Eij

(n)

+ δρij ,
(n)

+ δρij

(10)


(n)
dEij
,
dIij

(11)

(n−1)

dE
is evaluated according to (3). In
where dIijij
the step, the ball velocities are computed from (1).
Algorithm 1 summarizes the above procedure.
C. Example
A Newton’s cradle consists of five identical balls
with mass m and radius r aligned in a row. Each ball
is hanged by a string of length l. Denote by e the
coefficient of restitution between two balls. See Fig. 2.
Usually one drags the left end ball to a certain height
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Fig. 2: Newton’s cradle.

and then releases it. Several multi-body collisions will
happen after the release. Every ball carries out a simple
pendulum motion before it collides with another ball.
The angle θ(t) between the perpendicular direction and
the string at time t satisfies a second order ordinary
differential equation. When it is small, under the approximation sin θ ≈ θ, the angle has a solution
in the
p
form of θ(t) = A cos (ωt + φ), where ω = g/l with g
as the gravitational acceleration constant. The constants
A and φ can be determined from the initial configuration
at time t = t0 : the angle θ0 of the pendulum and the
tangential velocity v0 as shown in Fig. 2. We obtain
s
v2
θ02 + 0 cos (ωt + β0 − ωt0 ),
θ(t) =
gl
s
v2 p
v(t) = − θ02 + 0 gl sin (ωt + β0 − ωt0 ).
gl

where β0 is a constant offset determined by θ0 , v0 ,
g, and l. As time goes by, collisions are detected by
checking if several balls are close enough with nonnegligible relative velocities. Each ball may switch to
a different simple pendulum motion due to the next
collision which results in a sudden change of velocity.
Algorithm 1 is applied to compute the motion of the
balls for each collision. Simulation and experimental
results will be shown in section IV-A.
III. C OLLISION UNDER G ENERAL M OTIONS WITH
F RICTION
In this section, we will extend the impact model by
considering friction and angular velocity of arbitrary
shape objects in the system of collision treated in Section
II. As before, the objects involved in the collision are
assumed to have their centers of mass lying on the same
plane. Besides, for every pair of contacting objects, we
assume the contacting point and the centers of mass lie
on the same line for simplicity reason. Section V will
discuss how the assumption can be removed.
Denote by v i and ω i the velocity and angular velocity
of the object Bi in the world frame. At the moment of
collision, let r ik be the vector from Bi ’s center of mass
to the contact point between Bi and Bk . The angular
inertia matrix Qi of Bi is diagonal in its principal frame,
which has undergone a rotation described by the matrix
Ri from the world frame. For instance, if Bi is a ball
with radius τ , then Qi = 25 mi τ 2 I3 , where I3 is the 3
by 3 identity matrix. In the world frame, the changes in
the velocities and angular velocities of Bi , i = 1, ..., n,
during the impact can be derived from dynamics:
X
I ik ,
(12)
mi ∆v i =
k∈Ci

Qi Ri−1 ∆ω i



X

=

Ri−1 (r ik × I ik ). (13)

k∈Ci

Compared with the frictionless case studied in Section
II, impulse now exists in the tangent plane at the contact
between two objects. Here, let Iik⊥ be the magnitude
of the tangential impulse between Bi and Bk shown
in Fig. 3, which is the projection of the total impulse
I ik , exerted by Bk on Bi , onto tangential plane. The
component of Iij⊥ in the x-y plane is Iiku , and the
vertical component in z-direction is Iikz . Compared to
equation (2), we now have
!
 


(0)
1 X Iikn cos θik −Iiku sin θik
vix
vix
= (0) +
.
viy
Iikn sin θik +Iiku cos θik
mi
viy
k∈C
i

(14)
The differential relationship between the energy and
normal impulse at the contact between object Bi and Bj
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Fig. 3: Impulse decomposition along normal and tangential
directions.

is
dEij
dIijn

=





(0)
(0)
(0)
(0)
cos θij vjx − vix + sin θij vjy − viy
+

1 X
(Ijkn cos (θjk − θij )
mj
k∈Cj

−Ijku sin (θjk − θij ))
1 X
(Iikn cos (θik − θij )
−
mi
k∈Ci

−Iiku sin (θik − θij )).

(15)

The variable ρij defined in (4) for the frictionless case
is now replaced by ρijn , whose initial value will still
be solved from the system of equations using Newton’s
method. An expression for Eij can be derived by integrating equation (15) similarly as in Section II.
During the impact, we need to consider the contact
mode (stick or slip) between Bi and Bj . Denote by n̂ij
the unit normal of the tangent plane between these two
objects. The velocity of Bi relative to that of object Bj
at the contact is ∆v ij = v i − v j + ω i × r ij − ω j × r ji .
Project ∆v ij onto tangent plane to get ∆v̄ ij =
∆v ij − ∆v ij · n̂ij . After simplification, the right hand
side of the above equation can be written as linear
combinations of ∆Iijn , ∆Iiju , and ∆Iijz .
The contacts among the n objects can be either sliding
or sticking. We denote the set of sliding contacts as S,
and the set of sticking contacts as T. The elements in
each set are the pairs of indices for objects engaged in
the corresponding contact mode. Clearly, P = S ∪ T. If
the contact {i, j} sticks, their relative velocities in the
tangent plane should all be zero, i.e.,
∆v̄ ij = 0,

{i, j} ∈ T.

(16)

Let |T| be the size of the set T. The above equations
form a linear system with 3|T| equations and 3|T|
variables. Each ∆v̄ ij has three components along the x-,
y- and z-axes, and also each equation has 3|T| variables
∆Iijn , ∆Iiju , and ∆Iijz , {i, j} ∈ T.
After solving the system, one can check the ratio γij
between the tangential impulse and the normal impulse

the five balls right after they were disengaged from the
first collision. Interestingly, ball 1 was moving leftward
slightly, and ball 4 was moving rightward at noticeable
velocity in both the experiment and simulation. This
phenomenon cannot be explained just based on conservation of momentum and energy. .
Fig. 4: Initial State of Newton’s cradle. Green circles mark the
contours of the five balls, which are numbered 1 to 5 from left
to right.

at the contact {i, j}, that is γij = ∆Iij⊥ /∆Iijn . Denote
µij as the coefficient of friction between Bi and Bj . If
γij ≥ µij , then sliding happens between Bi and Bj .
According to Coulomb’s friction law, we set
∆Iij⊥ = µij ∆Iijn .

(17)

The values of ∆Iiju and ∆Iijz are determined by
the sliding direction, which is opposite to the relative
velocity. If γij < µij , we still have
∆Iij⊥ = γij ∆Iijn .

(18)

Next, we perform numerical integration to update all
the impulses, energies, velocities, and angular velocities. The computation is very similar to Algorithm 1,
except that we are now using equations (12)-(18), and
sliding or sticking mode will be involved as discussed
above. Simulation results of nine-ball break shots will
be presented in Section IV-B.

ball
vx
ṽx

1
−0.0578
−0.0568

2
−0.0224
−0.0380

3
0.0003
−0.0002

4
0.1322
0.1450

5
0.4508
0.4401

TABLE I: Comparisons of experimental (second row) and
simulation (third row) outcomes from the first collision of the
five balls. Listed are the ball velocities in the x-direction.

The experimental and simulation results are also compared along the time axis until no more impact happened
so all the balls swung together. Fig. 5 compares the
time trajectories of the horizontal velocities of ball 1
observed in the experiment and predicted by simulation.
The two trajectories match very well, except that during
every cycle (example shown in the inset) the ball velocity fluctuates slightly more in simulation than in the
experiment. This is mainly due to some sticking effect
between the balls in the experiment that is not modeled
by Algorithm 1.

IV. S IMULATION AND EXPERIMENT
Simulation and experiments on chains of aligned balls
have been conducted in the past [10, 11]. In this section, we first present simulation of Newton’s cradle by
applying the frictionless model described in Section II,
and compare the results with those from an experiment
that we also conducted. Next, we present simulation of
nine-ball break shots using the model in Section III.

Fig. 5: Time trajectories of the horizontal velocity of Newton’s
cradle: experiment (red line) vs. simulation (blue dashed line).

A. Newton’s cradle
To experimentally validate Algorithm 1, a Newton’s
Cradle with string length l = 0.129m was placed on a
horizontal table. The five identical balls of the cradle
have radius r = 0.011m, and between any two balls,
the coefficient of restitution e = 0.95 and the stiffness
is the same. The leftmost ball was initially raised and
held static with an oscillation angle 5π/36 as shown
in Fig. 4. From the release, a video was captured by a
Fujifilm FinePix HS10 camera with frame rate 30fps.
The Hough Circle Transform algorithm [15] in Matlab
was applied to track the contours of the five balls during
their motions. Velocities were estimated based on the
tracked ball positions and the frame rate.
Table I compares the horizontal velocities vx and ṽx
(m/s), in the experiment and simulation, respectively, of
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B. Billiard break shots
Nine-ball break shots is a good test bed for the
frictional model described in Section III. There are ten
identical balls (including a cue ball) on the pool table
with radius r and mass m. The initial configuration is
shown in Fig. 6. The cue stick shoots the cue ball to
generate initial velocity v 0 and angular velocity ω 0 . The

Fig. 6: Initial state of nine-ball break shot. The cue ball (white)
is at the leftmost position.

measurements. Efficiency of the algorithm can be improved after gaining better understanding of some numerical methods. Later on, we will be investigating path
planning issues for a robot to play billiards skillfully.
VI. ACKNOWLEDGMENT

(a)

(b)

(c)

Fig. 7: Resting configurations of ten balls after three break
shots: (a) stop shot, (b) follow shot, and (c) draw shot.

coefficient of friction between any two balls is the same,
and denoted as µbb . Friction between a ball and the table
is ignored during the impact. After the shot, the balls
will be moving under sliding or rolling friction with the
table, where µbt and µ̃bt are the respective frictional
coefficients. We applied the technique in [6] to compute
the ball trajectories under given initial velocities and
angular velocities.
The model in Section III is implemented to simulate
break shots with parameters listed in Table II. Fig. 7
compares the final configurations following three different shots at the cue ball: stop shot, follow shot and
draw shot. Immediately after the shots, the cue ball gains
the same initial velocity (1, 0, 0), but angular velocities
(0, 0, 0), (0, 20, 0), and (0, −20, 0), respectively. The
results show that compared to a stop shot, the balls tend
to spread out more under a follow shot and less under
a draw shot.
db (m)
0.06

mb (kg)
0.17

µbb
0.03

ebb
0.96

µbt
0.2

µ̃bt
0.01

TABLE II: Parameters used for modeling break shots include
db , the diameter of the balls; mb , the mass of the balls; µbb ,
the ball-ball coefficient of friction; ebb , the ball coefficient of
restitution; µbt , the ball-table coefficient of friction; and µ̃bt ,
the ball-table coefficient of rolling resistance.

V. D ISCUSSION AND F UTURE W ORK
We have presented an n-body impact model in both
frictionless and frictional cases. An assumption of the
mass centers of the objects being coplanar has been
made. However, the model is easily extendable to a general configuration with modifications of equations (14)
and (15) to take into account the z-direction components.
The formulas after integration will be more complex.
An immediate next step is to carry out simulation and
experiment over general shapes. A billiard experiment
in the near future is being planned for further model
validation with the use of a vision system for velocity
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